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Loi noi dau

Khi nghién ctu hién tuong vat Iy, qua trinh k¥ thuat, cac nha khoa hoc luén c¢b gang
tim ra quy luat bién chuyén ciing nhu mé ta qua trinh trén bang toan hoc. Tuc 1a: tim mot
quy luat ham gitta cac bién sb tham gia vao qua trinh ndy. Trong rat nhiéu truong hop,
khi nghién ctu mot hién tuong nao do, ching ta khong thé truc tiép xay dung duoc mot
quy luat phu thudc gitta cac bién x va y, thé nhung ta lai cd thé lap duoc mot mdi quan
hé gitta cac dai lugng X,y va cac dao ham caa y theo x: v, y"....,y™.Tuc la viét duoc
mot phuong trinh vi phan thuong cap n .

Trong bao cao nay, tdi ttng dung dwa ra mot s6 vi du ing dung phuong trinh vi phan
cap mot dé giai.

Bao cdo dugc chia thanh cac chuong sau:

Phan 1. C4c khai niém vé phuong trinh vi phan

Phan 2. Cac dang phuong trinh vi phan thudng gap

Phan 3. Mot s6 bai toan

Ha Noi, thang 6 nam 2023

Thac sy

Nguyén Thuy Linh



A. CAC KHAI NIEM VE PHUONG TRINH VI PHAN
Pinh nghia: Phuong trinh vi phan cip mot 13 phuong trinh c6 dang

Flx,y,y) =00y = f(xy)
Trong d6: x 1a bién; y 1a ham; y'1a dao ham
Nghiém cta phuong trinh vi phan cip mot 12 ham sé y = ¢(x, €) sao cho khi thay vao
phuong trinh thu duge dong nhat thic.
Bai toan Cauchy cap mét la bai todn giai phuong trinh vi phan cp 1 c6 kém theo diéu

kién ban dau
DPinh Iy (s ton tai va duy nhat nghiém)
Cho phuong trinh vi phan cap mot y’' = f(x, y). Gia st f(x, y) lién tuc trén mién D chta
diém (x,, yo). Khi d6 trong mot 1an can nao d6 cua diém x = x, ton tai it nhat mot
nghiém y = f(x) clia phuong trinh trén, 13y gia tri y, khi x = x, .
Ngoai ra néu f',(x,y) cling lién tuc trong mién D thi nghiém ay l1a duy nhat.
biéu kién y = y(x) lay gié tri y, khi x = x, duoc goi 1a diéu kién ban dau va viét 1a
y(x0) = yo h0dc yli=yx, = ¥o
Bai toan tim nghiém ciia phwong trinh vi phdn cap mét thda man diéu kién ban dau d6
duoc goi la bai todn Cauchy cua phuong trinh.
Nghiém téng quat ciia phwong trinh vi phan cap mét y' = f(x,y) lahamsdy = ¢(x, C)
trong d6 C 1a mot hang s6 thoa man cac dk:

- NO thoa man phuong trinh vi phan véi moi gia tri cia C

- Vi V(xy, y,) 0 d6 diéu kién cia dinh 1y trén duoc thoa man, c6 thé tim dugc mot

gidtri C = C, sao cho ham sé y = ¢(x, C) thoa man diéu kién ban dau y|,_,, =

Yo-



Nghiém riéng ctia phuong trinh vi phan cap mét 12 moi ham sé y = ¢ (x, C) mata cé

duoc bang cach cho C trong nghiém tong quat mot gia tri xac dinh C,
B. CAC DANG PHUONG TRINH VI PHAN CAP 1 THUONG GAP
|. PHUONG TRINH PHAN LY
DPinh nghia: La phuong trinh c6 dang

M, (x)M,(y)dx + N;(x)N,(y)dy = 0
Hoac c6 dang

2 = @A)
Céc phuong trinh trén c6 thé dugc dua vé dang f(x)dx = g(y)dy
Céch giai:
Tacdy = y(x) - dy = y'(x)dx, thay vao phuong trinh ta duoc
fdx = g(y(0)y' (x)dx

Tich phan 2 vé ta dugc

[ r@ax = [ g6y @ax = [ gmay

© ff(x)dx = fg(y)dy
Vi du 1: Giai cic phuong trinh

a) y'cosx =é

d In 1 In 1
<—>—ycosx=L<—>—ydy= dx<—>f—ydy=f dx
dx Iny y COS X y COS X




1l ) 11 1+sinx
o — =—]ln——
2" Y T2 T Tsinx
b) x\/1—y?dx+yvl—x2dy =0

xdx ydy xdx ydy
© + =0e = —
V1—x% J1—y? V1 — x? 1—y?

xdx j ydy \/7
O | —==-| ——eJ1—-x2=—/1-y24+C
f\/l—x2 J1—y2 Y

Ngoai rata c6 cac nghiém x = 1,x = —1;y = 1; y = —1 la c&c nghiém Ki di.

Nhan xét: Nhiéu khi can chia 2 vé ctia phuong trinh cho y (hodc cho g(y), thuong ta
phai kiém tra xem y = 0 hoic g(y) = 0 c6 phai la nghiém hay xac dinh nghiém) hay
khong.

1. PHUONG TRINH THUAN NHAT

1. Dang co ban

Pinh nghia: L4 ptdang y' = f(%)

Cach giai:

Dét:u=§—>y=ux.

Khido:y' =u'x+ux'=u'x+u

Tacoh: u'x+u=f(u) »u'x =f(u)—u—>3—z=f(u)—u
biéu kién: f(w) —u#0

Nén

du _dx
fw—-u «x



Vi du: Tim nghiém cta phuong trinh x (y’ — sin %) = y théa man diéu kién y(1) = g

Gial.

Y
x

Tacéx(y’—sin%)=y<—>y’=%+sin
Steoay — Y —
Dat.u—;ﬂy—ux.

Khido:y' =u'x+ux'=u'x+u

, . . du .
TacOu'x+u=u+sinu  u'x =sinu & x— = sinu

du dx du dx y
—=— —— = | — o Intanu = InCx & tanu = Cx © tan=— = Cx
sinu x sinu X 2x

s

Viy(1)=gnéntan%=6—>6=1.

Vay nghiém can tim la:

y
t —
an—zx =X

2. Phuong trinh c6 thé dwa dwoc vé dang thuin nhat

Pinh nghia : La phuong trinh dang

, (a1x+b1y+c1)
Y= a,x + b,y +c,

Trong d6 a;, b;, ¢; 1a cac hang s6 (i = 1,2)

Cach giai
~ Néu hé phuone tri h{a1x+b1y+cl =0 ¢ dinh thire khac khén
cuhé phuong trinh o 4 0 L o ©0 dinh thi g
Cl1 bl al bl
P G
a, b, <_>az b,




Thi cd thé giai ra nghiém duy nhat x = x,; y = y,. Khi d6 ta dat

{u=x_x0(_){x=u+x0. dx:du,dy=dv,v=v(u)

V=Y—Yo y=v+y,’

aiu+bqv

Phuong trinh tré thanh % =f ( ) 1a phuong trinh thuan nhét (u — bién doc

au+byv
lap ; v — ham phai tim ; c4c hé sb ¢y, ¢, bién mét ; hé sb ay, a,, by, b, bao toan)
Taditt = Esé dua phuong trinh vé dang bién sb phan ly cua bién t va u.

ax+by+c =0

ayx + byy +c, =0 ° dinh thuc bang khong

- Néu hé phuong trinh {

a; by
a, b,

a, b,

Thi bang cach dat z = a,x + b;y hoic z = a,x + b;y + ¢; hoic z = a,x + b,y + ¢,
(x — bién doc lap, z — ham), ta dua vé dang phan ly.

Vi du : Giai phuong trinh

(x—y)dx+QRy—x+1)dy =0

Giai :

L x—y=0 x=-1
Xethe{—x+2y+1=0(_){y=—1
L(u=x+1 x=u-—1
Dat{v=y+1(_){y=v—1

Ta co dx = du,dy = dv, phuong trinh trd thanh
(u—v)du+ Qv—-—u)dv=20

Détt=§—>v= tu thi dv = udt + tdu

Khi d6 ta c6 phuong trinh

(u — tu)du + 2tu — u)(udt + tdu) = 0



o (2tu —wudt + (u — 2tu + 2t?u)du = 0
Véi u # 0, phuong trinh twrong duong véi

2t —1 du

T2+ =7
© ln\/T-l-Zt2 = —InCu
ox?=2xy+2y2+2y=C
I11. PHUONG TRINH TUYEN TINH

La phuong trinh ¢6 dang ¥’ + p(x)y = q(x) trong d6 p(x)va q(x) la cac ham sé lién

tuc trén mién D.
1. Phuong trinh thuan nhat y’ + p(x)y = 0
Cong thirc nghiém y = Ce~JP()ax

2. Phuong trinh tong quat y’ + p(x)y = q(x)

Phirong phdp: D& tim nghiém cua phuong trinh tong quét ta sir dung phuong phép bién

thién hang sé Lagrange

Nghiém phuong trinh tong quéat
y=I[K+ f q(x)el P@dx gy [ r(x)dx

IV. PHUONG TRINH BERNOULLI
Pinh nghia: La phuong trinh dang vy’ + p(x)y = q(x)y*
Piéu kién p(x), q(x) lién tuc, « € R\{0,1}

—-a+1

Phuong trinh y~%y" + p(x)y = q(x)

Céch giai:



bitz = y17% - z' = (1 — @)y~ *y’. Phuong trinh tré thanh 1Z—_a +p(x)z=q)la

phuong trinh vi phan tuyén tinh cdp 1 ham z 4n x.

Vi du: Giai PTVP

y + % = x2y*
Giai
Tacoy +2=x%y* o y™ty' + iy—s = 52
bitz=y 352z =-3y'y™*
PTtro thanh 2 + 17 = x% & 2/ =27 = —3x2
Nghiém TQ:

3 3
zZ= [K + ] —3x2ef§dxdx] ez = [K + f —3x2x_3dx] x3 = (K —-3Inx)x3

-y 3=(K-3Inx)x3
V. PHUONG TRINH VI PHAN TOAN PHAN
Pinh nghia: La phuong trinh ¢6 dang P(x, y)dx + Q(x,y)dy = 0

Py = Qs

" lien tuc trén D thi phuong trinh da cho duoc goi la ptvp toan phan

Neéu {P, Q.5

Khi d6 nghiém cua phuong trinh la u(x, y) = C trong d6 u(x, y) duoc tinh bai cong thic
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r X

| Peoyyax+ ]y Q(xo,y)dy

U(x;:V) = x(;- yoy
jP(x,yo)dx+ jQ(x,y)dy
-X0 Yo

Véi (xo,v,) 1a diém tay y thuoc D.
Vi du: Giai phuong trinh (4xy? + y)dx + (4x%y + x)dy = 0
Giai.

P=4xy2+y_){P’y=8xy+1_)

Tacé{
Q =4x*y+x Q,=8xy+1

P', =Q',vaP,QP,, Q" lacac ham lién
tuc. Vay phuong trinh da cho 14 pt vi phan toan phan

Chon (xo,¥,) = (0,0)

Nghiém phuong trinh u(x, y) = C Véi

X

y
u(x,y) = f 0dx + f(4x2y + x)dy = 2x%y? + xy
0

0

C. MOT SO BAI TOAN

I. XAC PINH HAM CAU KHI BIET HE SO CO DAN CUA CAU THEO GIA TAl
MOI MUC GIA VA LUQNG CAU

Nhu ta d3 biét, hé s6 co gidn cua cau theo gia duoc tinh theo cong thirc

,_4p
dp Q

Trong d6 Q 1a lwong cau hang hoa p. Néu ta biét dugc hé sé co gidn & = (p, Q) thi ham

cau c6 thé duoc xac dinh thong qua phuong trinh vi phan

11



dQ p
d_ - S(p, Q)

p
p Q
Vidu 1: Giasir ¢ = —k (k 1a mot hang sé duong), tic 1a hé sé co dan cua cau theo gia

khong ddi, ta co:

Giai phuong trinh vi phin nay ta tim duoc dang ham cau c6 hé s6 co din khong d6i:
Q = Cp~* (C la hdng s6 dwong)
Vi du 2: Tim ham cau Q = D(p), cho biét hé sé co din cua cau theo gia

_ S5p+2p°
Q

Va luong cau & muc gid p = 10 13 500.

Giai phuong trinh vi phan

Ta tim duwgc Q = —p? — 5p + C.

Thay p = 10, Q = 500 ta xac dinh dugc hang sé € = 650.
Vay ham cau 12 Q = 650 — p? — 5p.

I1. MOQT SO Vi DU THUC TE

Vi du 1: Gia sir C(t) 1a ndng do thude trong méau. Vi co thé dao thai thudc nén C(t) giam
dan theo tdc do ty Ié vé6i luong thude c6 mat trong co thé. Nhu vay C'(t) = —kC(t),

trong d6 k 1a hang s6 duong, goi l1a hang s6 dao thai thudc.

a) Néu C, 1a nong d6 tai thoi diém t = 0, tim ndng do tai thoi diém t.

12



b) Néu co thé dao thai ntra lugng thude trong 30 gid, sau bao lau thi 90% luong

thudc bi dao thai?

Giai.
a) Taco
d—C=—kdt—>fd—C=—kt+D
C C
Hay
InC = —kt + D (do C > 0)
Ta nhan duoc € = ePe ¥ hay C = ae™, a 1a hang s6 duong tuy .
Tir diéu kién da cho thi C, = a. 1.
Vay C = Cye "t
b) Vi
Coekto 05
Co
Nén
B In 2 _ In 2
ty 30
Coe ™ _ 01-¢t= In10 _ 99,67 ~ 100 (gid)
Cy k

Vidu 2 : Téc d6 gia tang dan s6 ciia mot thi tran ty 18 thuan véi sé nguoi dan ¢ dé tai
thoi diém t. Dan s6 ban dau 1a 500, ting 15% sau 10 ndm. Hoi dan sé sau 30 niam sé |a

bao nhiéu? Téc d6 gia ting dan tai t = 30 1a bao nhiéu?
Giai.
Goi S(t) 1a ham biéu thi dan sb cua thi tran d6 tai thoi diém t

A A e~ A £ ds(t
= Toc d gia tang dan so : %

Theo gia thiét:

13



ds(t) ds(t) as(t)
— = kS(t) MEORE kdt —» j—S(t) = jkdt

= In(5(t)) = kt + C » S(t) = e***C¢ = Cye™t
Ma: S(0) = 500
- Cy = 500 — S(t) = 500e*t
Sau 10 nam dén sb ting 15% nén:

S$(10) = S(0) + 15%.5(0) = 500 + 500.15% = 575

— 500.e'0t =575 - k = % - S(t) = SOOe(ln%)t
Dan s sau 30 nam:
5(30) = 500¢("5)% = 760
Vay téc do gia ting dan sb tai t = 30
=0 = (dfz(tt))t=30 = (Coke")¢_go = 500 (22) (M523 — 10,63 (ngudi/nam)

Vi du 3 (Nhiét dd nhiét ké)

Theo dinh luat Newton, tc ¢6 ngudi mot vat sé& ty Ié thuan véi hiéu nhiét do vat va nhiét
d6 moi truong xung quanh. Mot nhiét ké duoc lay ra tir mot can phong noi cé nhiét do 1a
70°F va mang ra bén ngoai noi nhiét do khong khi 1a 10°F. Sau 30 gidy chi s6 nhiét ké 1a
50°F. Poc chi sb nhiét ké sau thoi gian 1 phat? Mat bao 1au dé nhiét ké dat 15°F?

Giai:
Goi u(t) (°F) 12 ham biéu din nhiét do cua nhiét ké tai thoi diém t (phat)

U = 10°F 12 nhiét do clia mdi truong

14



Sy bién thién nhiét do nhiét ké theo thoi gian tudn theo dinh luat Newton 1a:

du(t) B B d(u(t)) B d(u(t)) B
dt = k(U(t) - umt) = k(u(t) - 10) - m = kdt - jm = jkdt

> In(u(t) —10) = kt + C > u(t) — 10 = e***¢ = C ekt - u(t) = 10 + C ekt
Tai thoi diém ban dau:
u(0) =10+ C, =70 > C =60 - u(t) = 10 + 60e**
Sau 30 giay (1/2 phuat), nhiét do:

1 k 2
u(z) =10 + 60e2 =50—>k=21n(§>

2
> u(t) =10 + 60e® In(3)

Sau thoi gian 1 phut, nhiét do nhiét ké:

u(1) = 10 + 60e(2(G)1 = 36,67°F

Tai ¢ = T, nhiét do w(T) = 15°F

2
510 + 60e2ME)T = 15
- T =~ 3.064 (phut).
Vi du 4 (dung dich nwéc mudi)

Mot bé chtra 200 lit chét long trong d6 c6 30g mudi duoc hoa tan. Nudc mudi c6 chia 1g
mudi mdi lit dugc bom vao bé véi toe do 4 lit/phat, dung dich tron déu duoc bom ra véi

cuing toc d6. Tim sé A(t) gram mudi trong bé vao thoi diém t.
Giai:
Nong d6 mudi dugc bom vao bé 1a 1 g/lit.
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Tbc dd bom nudc vao bé 1a 4 lit/pht.

S6 gam mudi vao bé sau méi phat 1a: (1 g/lit) . (4 lit/phat) = 4 (g/pht)
Goi A(t)(g) 13 ham biéu thi luong mudi co trong bé vao thoi diém t.
Nong d6 nudc mudi trong bé 1a:

A(t)

200 (g/lit)

S6 gam mudi ra khoi bé sau mdi phut 1a:

A
%.4 = A(D). 50 (g/phit)

Su bién thién lwgng mudi c6 trong bé sau thoi gian t:

dA(t)_4 A(t)
dt 50

— o —1n(200 — A(t)) = e

] dA(t) dt
_) ——
200 — A(t) 50 50

t t
— 200 — A(t) = Coe 50 - A(t) = 200 — Cye 50

Tai thoi diém ban dau:

t

A(0) =30->C, =170 - A(t) =200 — 170e 50
Vi du 5 (Ting truwéng dan so6)
Trong mdt thanh phd, cic nha dan s6 hoc quan sat thiy rang toc 46 tang trudng cua
dan s thanh phd ty 1¢ véi c& cua dan sé tai moi thoi diém. Cach day hai muoi nam, dan
sd cta thanh phd nay 1a 125000 ngudi. Nam nay, dan sb cua thanh phd nay 1a 140000
ngudi. Sau hai muoi ndm, dan sb ctia thanh phd nay sé la bao nhiéu ?
Giai.
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Goi y(t) la dan sé caa thanh phé nay tai thoi diém t.
Vi téc d6 ting trueong cua dan sé thanh phé ty 16 véi ¢& cua dan sé tai moi thoi diém nén

dy_
dx

ky

Nghia 1a y(t) = Ae*t

Céach day 2 nam, dan s caa thanh phd nay 1a 125000 ngudi nén y(0) = 125000
o A =125000

Tuc la y(t) = 125000kt

Nim nay, dan s6 cua thanh phé 14 125000 ngudi nén y(20) = 140000

& 125000.e%°% = 140000 « 2%t = 1,12

Do d6, dan sb cua thanh phd nay tai thoi diém ¢ 1

1 t
y(t) = 125000.e** = 125000. (¢2°%)20 = 125000. (1,12)20

Vay dan s6 cua thanh phd nay sau 20 nam sé& 1a

40
y(40) = 125000. (1,12)20 = 156800
Vi du 6 (Anh sang bi hap thu)

Luong anh séng bi hap thu khi di qua mét [6p nudc ty 18 véi luong anh sang va do day
cua lép nudc. Biét rang sau khi di qua 16p nudc day 2m, luong anh sang bi hap thu bang
1/3 lugng 4nh anh sang ban dau. Hoi con bao nhiéu phan anh sang di dén duoc d6 sau

12m?
Giai.
Goi y(x) la lrong &nh sang tai d6 su x (m) cua 16p nudc.
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Tai d6 sau x, lugng anh sang di qua 1a y(x).

Sau khi di qua 16p nudc day dx, tai d6 sdu x + dx, lugng anh sang la: y(x + dx)
Luong anh séng bi hap thu A= y(x + dx) — y(x) = dy

Theo dé bai, luong bi hap thu nay ti 1¢ véi luong anh sang y va do day dx caa 16p nuéc
theo hé s ti 18 k.

d d
dy=k.y.dx—>7y=kdx—>j7y=jkdx—>y=Coe""

Luong 4ng sanh ban dau tai vi tri mit nuéc (x = 0) 1a y(0) = y,
= Co =Y

y(x) = yoe**

Tai d6 sAu 2m luong anh sang bi hap bang 1/3 lugng anh anh sang ban dau, tic 1a luong

anh sang tai do sau nay bang 2/3 lugng anh anh sang ban dau

2
- y(2) =ype* =gy, o e =3
3 3
Tai d6 sdu 12m, luong &nh sang:

6

2
y(12) = y,e'?* = y,(e?*)¢ =y, (5) = 0,088y,
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Két luan

Bio céo di dwa ra mot s6 vi du tng dung phuong trinh vi phan cap 1.
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